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Evaluation of an integral
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ABSTRACT
The Moll-Arias de Reyna integral [1]∫ ∞
0
dx
(x2 + 1)3/2
1√
ϕ(x) +
√
ϕ(x)
ϕ(x) = 1 +
4
3
(
x
x2 + 1
)2
is generalised and several values are given.
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Introduction
We define
f(a, b) =
∫ ∞
0
dx
(x2 + 1)a
1√
ϕ(x) +
√
ϕ(x)
(1)
where
ϕ(x) = 1 + 4b−2u2, u =
x
x2 + 1
. (2)
The value f(3/2,
√
3) = pi
2
√
6
appeared as entry 3.248.5 in [2] and was shown to
be incorrect by Moll et al.[3]. The exact value
f(3/2,
√
3) =
√
3− 1
2
Π(
pi
2
, 2−
√
3, 3−1/2)− 6−1/2F (sin−1
√
2−
√
3, 3−1/2) (3)
was recently provided in a mathematical tour de force by Arias de Reyna[1].
The aim of the present note is to provide further values of (1) and suggest that
the incorrect value in [2] is not merely a misprint.
Calculation
By factoring
√
ϕ(x) from the denominator of the integrand of (1), then
multiplying the numerator and denominator by
√√
ϕ(x) − 1 and changing the
integration variable to u (note that the range of integration wrt x must first be
divided into [0, 1] ∪ [1,∞]) followed by s = 2u one obtains
f(a, b) =
2−ab
∫ 1
0
ds
s
√
1− s2
{
[1 +
√
1− s2]a−1 + [1−
√
1− s2]a−1
}√
1− b√
b2 + s2
.
(4)
Since both quadratic surds can be rationalised by the elliptic substitution s =
cn(κ, x) for a suitable modulus, f(a, b) should be expressible in terms of elliptic
integrals for integer and half integer values of a, even in the trigonometric case
κ = 0. This seems to eliminate the possibility of a simple misprint in [2]. For
example, it is clear that
f(2, b) =
1
2
f(1, b) (5)
and with the substitution t = b/
√
b2 + s2
f(1, b) = k
∫ 1
k
dt
(t+ 1)
√
(1− t)(t2 − k2)
, k =
b√
b2 + 1
. (6)
which is clearly a complete elliptic integral of the third kind and easily manip-
ulated into standard form [4]
f(1, b) =
k√
k + 1
Π(
pi
2
, α2, κ)
2
α2 =
√
b2 + 1 + b
2
√
b2 + 1
, κ =
√
b2 + 1− b. (7)
For a = 3, 4, 5, · · · , f(a, b), with x = s2, can be easily seen to be a multiple
of f(1, b) plus an integral of the form
∫ 1
0
dx√
1− xP (x)
√
1− b√
b2 + x
(8)
where P is a polynomial having no constant term. Such an integral can always
be manipulated into a sum of incomplete elliptic integrals by the substitutions
x→ 1− x2, x→
√
b2 + 1 sin t. For example,
f(3, b) =
1
2
f(1, b)− k
2
4
∫
1/k
1√
1+k2
√
x(x − 1)
1− k2x2 dx.
For a = 3/2 (4) yields
f(3/2, b) =
b
4
∫ pi/2
0
dt[csc(t/2) + sec(t/2)]
√
1− b√
b2 + sin2 t
. (10
This can be further simplified by the substitutions sin t = b sinu, sinu = x,√
1 + x2 = 1/y to
f(3/2,
√
3) =
3√
8
∑
±
∫ 1
√
3/2
dy√
y(1 + y)(4y2 − 3)(y ±
√
4y2 − 3)
(11)
which may be reduced further to
f(2/3,
√
3) =
31/4
2
∫ 1/√3
0
dx√
(x2 + 1)(1− 3x2)
√
X − 2x+√X + 2x√
X(X + 2√
3
)
X =
√
x2 + 1 (12)
and which may offer a more direct approach to (3).
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